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Hard Lefschetz Theorem, Macaulay ,
. , Bfllera-
Lee[l] , ,













$n$ . $P$ $F$
$P$ , $\mathrm{R}^{n}$ $H$ , $H$ $P$
, $P\cap H=F$ . $F$
, $F$
$\mathrm{c}$ 1
$\mathrm{t}$ (facet) ,| $P$ $i$ $(0\leq i\leq n-1)$
1393 2004 88-95
88
$f_{i}(P)$ ( $f_{i}$ ) , $(f_{0}, fi, . . . , f_{n-1})$ $P$ $f$-vector
1
$f$-vector $f_{j}$ ,
. , $P$ $n-1$ ,
(2.1) $f_{0}-f_{1}+\cdots+(-1)^{n-1}f_{n-1}=1+(-1)^{n-1}-$
, $P$ $n$ , $f\mathrm{o}$
(2.2) $f_{0}\geq n+1$ .







$(h_{0}, h_{1,)}\ldots h_{n})$ $h$-vector $\mathrm{r}$
$h_{0}=1,$ $h_{1}=f\mathrm{o}-n$ . , $h_{j}$ $f_{:}$ , 2
. $h$-vector $f$-vector
, $h$-vector . , (2.1),
(2.2) , $h$-vector ,
(2.4) $(1=)$ h$0=h_{n}$ , $(1=)$ h$0\leq h_{1}$
.
$P$ $\mathbb{R}^{n}$ , $P$
, $P$ (simplicial convex
polytope) , $f$-vector ,
.
g\prec J!(Billera-Lee [1], Stanley [12]). $(h_{0}, h_{1}, \ldots, h_{\mathrm{n}})$
( $h_{0}=1$ ) , $n$ $h$-vector
, 3 1
(1) $h_{:}=h_{n-:}(\forall i)$ . (Dehn-Sommerville equations)




, $(1),(2)$ (2.4) . (3)
$a,$ $i$ ,
$a=(\begin{array}{l}a_{\dot{\mathrm{o}}}i\end{array})+(\begin{array}{l}a_{|-1}i-1\end{array})+\cdots+(\begin{array}{l}a_{j}j\end{array})$
$(a_{1}$. $>a:-1>\cdots>a_{j}\geq j\geq 1)$ .
80
$a^{(i\rangle}:=$ C ++ll) $+(\begin{array}{l}a_{i-1}+1i\end{array})+,$ . . $+(\begin{array}{ll}a_{j} +1j +1\end{array})$
, (3) . , $a=28,$ $i$ =4
$28=(\begin{array}{l}64\end{array})$ $+$ $+$






. (simplicial sphere) $\iota$
$f_{:}$ $i$ , (
) , $f$-vector, $h$-vector ,






$X$ , 2 $\Sigma^{2}X$ . Double Suspension
Theorem , $\Sigma^{2}X$ 5 $S^{5}$ . , $\Sigma^{2}X$ ,
$X$ . , 2







(simplicial cell decomposition) . , 2
1 , 2 2
,
. (simplicial cell
complex) . ,- .
2 2 2 , ,
. , $f$-vector, h-vector
.
4.1 ([8], [13]). $(h_{0}, h_{1}, \ldots, h_{\mathrm{n}})$ ( $h_{0}=1$ ) ,
$S^{n-1}$ $h$ -vector , 3
(1) $h_{:}=h_{n-i}(\forall i)$ ,
(2) $h_{\dot{l}}\geq 0(1\leq i\leq n-1)$ ,
(3) $n$ , $i$ (2) (
, $i$ $*\mathrm{F}\backslash$ $\llcorner$ $h_{:}=0$ ) , $h_{n/2}$ .
( $g$- ) ,
$\langle$ . , . ,
, face ring ( Stanley-
Reisner ) face ring $\mathrm{t}$ Stanley
, [13] , face ring , $(1),(2)$
. (3) , [13]






$\overline{\mathcal{P}}$ $n-1$ , $G$ $\overline{\mathcal{P}}$
$\overline{\mathcal{P}}$ $cG$ $\tilde{\mathcal{P}}$
, : $\tilde{\mathcal{P}}$ $G$ very free
$\overline{\mathcal{P}}$ $G$ very free , $\mathcal{P}\cdot:=\tilde{\mathcal{P}}/G$
$n-1$ .






$=$ ( $1-|$G$|$ ) $(t-1)^{n}+|$G$|((t-1)^{n}+ \sum_{\dot{\iota}=0}^{n-1}f_{i}(\mathcal{P})(t-1)^{n-:-1})$




, ( ) .
6.1([14] ). $n$ ,
$h- v\dot{e}cto\mathrm{r}$
$h_{\dot{l}}-h_{\dot{\iota}-1}\geq(\begin{array}{l}ni\end{array}) \begin{array}{l}ni-1\end{array}\},$ $1\leq i\leq[n/2]$
, $h:-(\begin{array}{l}n\dot{l}\end{array})$ $i$ $\lambda.1\llcorner \text{ }2$
. $n$ ( ) $n$





, Stanley [14] , free ac-
tion . , ,
.
6.2. $\tilde{\mathcal{P}}$ $n-1$ , $G$ ( )
. , $G$ $\overline{\mathcal{P}}$ very free , $\overline{\mathcal{P}}$ $hrightarrow vector$
$(h_{0}, h_{1}, \ldots, h_{\mathrm{n}})$
(1) $k$. $=h_{n-:}(\forall i)$ ,
(2) $h_{\dot{\iota}}\geq\{$
$(\begin{array}{l}n\dot{|}\end{array})$ ( $i\mathrm{o}\mathrm{o}$ )
$(|G|-1)(\begin{array}{l}\mathrm{n}|\end{array})$ ( $i|\mathrm{n}$‘ )
, $|G|$ .
(3) $n$ , $i$ (B) $\text{ }-\overline{\mathrm{F}}\mathrm{B}^{\mathrm{f}}\mathrm{f}\mathrm{f}\mathrm{i}[perp]\backslash " \text{ }$n
, $h_{\mathrm{n}/2}$ .
83
. (1) 6.2 (3)
, $|G|=2$ , , 6.2 3
.
(2) 6.2 (2) , $|G|=2$ , $n$
, $n-1$




. $X$ , $X$ $h$-vector
, Dehn-Sommerville equations .
7.1 ([2] Theorem 7.44 ). $X$ $n-1$ , $\mathcal{P}$
$X$ , $i=0,1$ , . .. , $n$
$h_{n-i}(\mathcal{P})-h:(\mathcal{P})=(-1)^{:}(\chi(X)-\chi(S^{n-1}))(\begin{array}{l}ni\end{array})$
.
$X$ $\mathrm{R}P^{n-1}$ , $\mathcal{P}$ $\mathbb{R}P^{n-1}$
, 2 $S^{n-1}arrow \mathbb{R}P^{\mathrm{n}-1}$ , $\mathcal{P}$ $S^{n-1}$ $\overline{\mathcal{P}}$
very free 2 . ,
5.1, 6.2 7.1 .
7.2. $(h_{0}, h_{1}, \ldots, h_{n})$ ( $h_{0}=1$ ) , $\mathbb{R}P^{\mathrm{n}-1}7$)
$h$ -vector , 3 4
(1) $h_{1}$. $=h_{n-:}+(-1)|. \frac{1}{2}(1+(-1)^{n-1})(\begin{array}{l}n\dot{l}\end{array})$ $(^{\forall}i)$




$(\begin{array}{l}n\dot{l}\end{array})$ ( $i$ : )
, (2)
, $h_{n/2}$ .
. 6.2 , (3)
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